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PROBLEMS
1.	(a)   Let  E be an ultrametric space (Section 3.8, Problem 4).  In order  that a
sequence (xn) in E be a Cauchy sequence, show that it is necessary and sufficient that
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(b) Let X be an arbitrary set, E the set of all infinite sequences x = (xn) of elements of
X. For any two distinct elements x — (*„), y = (yn) of E, let k(x, y) be the smallest integer
n such that *N ^ yn; let d(x, y) = \jk(x, y) if x ^ y, d(x, x) = 0. Prove that d is an
ultrametric distance on E, and that the metric space E defined by d is complete.
2.	Let (p be an increasing real valued function defined in the interval 0 < u < -f-oo, and
such that cp(Q) = 0, cp(u) > 0 if u > 0, and <p(u -f v) ^ <p(ii) -f <p(v). Let d(x, y) be a
distance on a set E; then di(x, y) — <p(d(x,y)) is another distance on E.
 (a)	Show that if 9? is continuous at the point u — 0, the distances d and di are uniformly
equivalent. Conversely, if, for the distance d, there is a point x0 e E which is not iso-
lated in E (3.10.10), and if £/and di are topologically equivalent, then 9? is continuous
at the point u = 0.
 (b)	Prove that the functions
if   (0< r < 1),       log(l + «),       uj(\ + i/),       inf(l, u)
satisfy the preceding conditions. Using the last two, it is thus seen that for any distance
on E, there is a uniformly equivalent distance which is bounded.
 3.	On the real line, let d(x, y) ~\x — y\ be the usual distance, d'(x, y)~ x3 — y3\; show
that these two distances are topologically equivalent and that the Cauchy sequences are
the same for both, but that they are not uniformly equivalent.
 4.	Let E be a complete metric space, d the distance on E, A the intersection of a sequence
(U,,) of open subsets of E; let Fw == E — Un, and for every pair of points x, y of A, write
1	1
d(x,Fn)     d(y,Fn)
dn(x,y)-fn(x9y)l(\ +fn(x,y)\ and d'(x,y)-d(x,y)+ IXC*,J>)/2W. Show that on
n»0
the subspace A of E, d' is a distance which is topologically equivalent to d, and that for
the distance d', A is a complete metric space. (Note that a Cauchy sequence for d' is
also a Cauchy sequence for d, but that its limit in E may not belong to any of the Frt.)
Apply to the subspace I of R consisting of all irrational numbers.
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(3.15.1) Let f and g be two continuous mappings of a metric space E into a
metric space E'. The set A of the points xeE such that f(x) = g(x) is closed
in E.
It is equivalent to prove the set E — A open. Let a e E — A, then
f(a) ^g(a); let d'(f(a), g(a)) = a > 0. By continuity of/, g at a and from
(3.6.3) it follows that there is a neighborhood V of a in E such that for

